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KA¨HLER MANIFOLDS WITH REAL HOLOMORPHIC VECTOR
FIELDS
OVIDIU MUNTEANU AND JIAPING WANG
Abstract. For a Ka¨hler manifold endowed with a weighted measure e−f dv,
the associated weighted Hodge Laplacian ∆f maps the space of (p, q)-forms to
itself if and only if the (1, 0)-part of the gradient vector field ∇f is holomor-
phic. We use this fact to prove that for such f , a finite energy f−harmonic
function must be pluriharmonic. Motivated by this result, we verify that the
same also holds true for f -harmonic maps into a strongly negatively curved
manifold. Furthermore, we demonstrate that such f -harmonic maps must be
constant if f has an isolated minimum point. In particular, this implies that
for a compact Ka¨hler manifold admitting such a function, there is no non-
trivial homomorphism from its first fundamental group into that of a strongly
negatively curved manifold.
In this paper, (M, g) denotes a Ka¨hler manifold of complex dimension m with
metric g and complex structure J. For a smooth real valued function f ∈ C∞ (M) ,
introduce a weighted measure of the form dvf := e
−f dv, where dv is the volume
form induced from the metric g. With respect to the weighted volume form dvf ,
the adjoint d∗f of the exterior differential d acting on Ω
p (M) , the space of p forms
on M, is defined by ∫
M
〈dω, θ〉 e−f =
∫
M
〈
ω, d∗fθ
〉
e−f ,
for all ω ∈ Ωp (M) and θ ∈ Ωp+1 (M). The weighted Hodge Laplacian ∆f is then
given by
∆f := dd
∗
f + d
∗
fd.
Denote by Ap,q (M) the space of (p, q)-forms on (M, g) . It is well known that
the Hodge Laplacian ∆ preserves the type of forms, i.e., ∆ω ∈ Ap,q (M) for any
ω ∈ Ap,q (M) . This fact is important in the Hodge theory of Ka¨hler manifolds. One
may ask if the same holds true for the weighted Hodge Laplacian ∆f . Obviously,
the case when both p and q are zero is trivially true. When 0 < p + q < 2m we
note the following result.
Proposition 0.1. Let (M, g) be a Ka¨hler manifold and f ∈ C∞ (M) . Then the
weighted Hodge Laplacian ∆f maps the space A
p,q (M) of (p, q)-forms into itself if
and only if ∇f is real-holomorphic.
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Here, ∇f is said to be real holomorphic if its (1, 0)-part is a holomorphic vector
field. In terms of local complex coordinates {z1, z2, · · · , zm}, that means that the
complex vector field
X := gik¯
∂f
∂z¯k
∂
∂zi
is holomorphic. This is equivalent to fkl = 0 for all k, l ∈ {1, 2, ..,m}, in any
local unitary frame {vk}k=1,..,m . An alternative characterization is that J (∇f) is
a Killing vector field.
There are quite a few important classes of Ka¨hler manifolds admitting a func-
tion with real holomorphic gradient vector field. One notable class is the gradient
Ka¨hler-Ricci solitons. Recall that a manifold (M, g) is a gradient Ricci soliton if
there exists a function f ∈ C∞ (M) such that its Ricci curvature and the Hessian
of f satisfy Ric +Hess (f) = λ g, for some λ ∈ R. Since (M, g) is Ka¨hler, the equa-
tion can be expressed into Rij¯ + fij¯ = λ gij¯ and fij = 0 under unitary frames. In
particular, ∇f is a real holomorphic vector field. Another important class arises
from Calabi’s extremal Ka¨hler metric [1]. On a compact Ka¨hler manifold (N, g0),
one considers the following functional over the fixed Ka¨hler class determined by g0
F (g) =
∫
N
s2(g) dvg,
where s(g) and dvg are the scalar curvature and the volume form of metric g,
respectively. A critical point of this functional is called an extremal metric. It
is shown by Calabi [1] that a metric g is extremal if and only if ∇s(g) is real
holomorphic. The last class we mention comes from eigenvalue estimates [19, 20].
For a compact Ka¨hler manifold with Ricci curvature bounded below by a positive
constant k, it says that the gradient vector field of the corresponding eigenfunction
must be real holomorphic if the first nonzero eigenvalue achieves its optimal lower
bound 2k. In these examples, the existence of a real holomorphic vector field is
required in the study of some important geometric questions. In [7], the existence
of a function whose gradient is real holomorphic was also needed for obtaining the
strong hypercontractivity of the weighted Laplacian. Inspired by this important
work of Gross, a complete description of possible functions with this property on
the complex hyperbolic space was obtained in [8].
We now briefly mention some previous results concerning manifolds admitting
real holomorphic vector fields. In an influential paper [6], Frankel has shown that a
one-parameter group of isometries acting on a Ka¨hler manifold M must be Hamil-
tonian, i.e., induced by a Killing vector field of the form J(∇f) for some function
f, if M is simply connected or the action has nonempty fixed point set Z. More-
over, the Betti numbers of M can be computed from those of the fixed point set
Z. Later, in [5], it was shown that the Dolbeault cohomology Hp,q(M) = 0 for
|p− q| > dimC Z. More recently, our studies ([13, 14]) show that the existence of a
smooth function f such that ∇f is real holomorphic has important implications on
the function theory of the manifold. In particular, it leads to various Liouville theo-
rems for holomorphic or, more generally, harmonic functions onM. The interesting
feature is that no curvature assumption is involved.
Here, we continue our investigation of manifolds with a real holomorphic vector
field. First, we will use Proposition 0.1 to prove the following Liouville theorem.
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Theorem 0.2. Let (M, g) be complete Ka¨hler manifold and suppose there exists
f ∈ C∞ (M) so that ∇f is real holomorphic. Suppose that u is an f -harmonic
function on M with finite total weighted energy
∫
M
|∇u|2 e−f < ∞. Then u is
pluriharmonic. If, in addition, f is proper, then u is constant on M .
Theorem 0.2 was first established in [14] under a growth assumption on f. It was
used there to show that shrinking gradient Ka¨hler-Ricci solitons must be connected
at infinity. Our approach here enables us to remove this extra assumption.
In view of Theorem 0.2, it is natural to investigate the more general situation
of harmonic maps between Ka¨hler manifolds. We will show that the existence of
a real holomorphic vector field on M implies analogous results for harmonic maps
from M to another manifold N with negative curvature in a suitable sense. As
is well known (see Schoen and Yau [16]), this leads to topological information of
manifold M. More precisely, we have the following result.
Theorem 0.3. Let (M, g) be a complete Ka¨hler manifold with a real holomorphic
vector field ∇f for some f ∈ C∞ (M) . Assume in addition that there exists an
isolated minimum point x0 ∈ M for f. Then any f−harmonic map u : M → N
of finite total weighted energy into a Ka¨hler manifold with strongly seminegative
curvature must be constant.
We recall after [18] that the curvature Kab¯cd¯ of a Ka¨hler manifold is strongly
seminegative if
Kab¯cd¯
(
AaBb − CaDb
)(
AdBc − CdDc
)
≥ 0,
for all complex numbers Aa, Ba, Ca, Da. We remark that no assumption on the
curvature of M or the growth of f is involved in the theorem.
The assumption that f has an isolated minimum point is indeed necessary. To
see this, consider a Ka¨hler manifold N and letM = N×C. The function f is taken
to be constant on N and |z|2 on C, so ∇f is clearly real holomorphic. Obviously,
the projection map pi : M → N is a nonconstant weighted harmonic map from M
to N.
Examples of manifolds verifying the assumptions of Theorem 0.3 are abundant.
They include steady Ka¨hler Ricci solitons with positive Ricci curvature and scalar
curvature going to zero at infinity as the potential function is strictly convex and
attains its minimum value at its only critical point (see [3]). Such solitons have been
constructed in [2]. They also include the complex projective spaces and complex
hyperbolic spaces studied in [8]. For example, on the unit ball model of the complex
hyperbolic space CHm with Ka¨hler form ω = −∂∂¯ log
(
1− |z|2
)
, the weight f (z) =
1
1−|z|2
obviously has real holomorphic gradient and an isolated minimum at z = 0.
As a consequence of Theorem 0.3 we get the following result concerning the
fundamental group of such manifolds.
Corollary 0.4. Let (M, g) be a compact Ka¨hler manifold and assume there exists
f which satisfies the assumptions in Theorem 0.3. Then there is no non-trivial
homomorphism from pi1 (M) into that of a compact Ka¨hler manifold with strongly
seminegative curvature.
f−harmonic maps have been well studied in the literature, as they are natural
objects in the presence of a smooth measure on a manifold. The interested reader
may consult [11, 15] for some recent progress and a more extensive reference list.
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Finally, in the last part of the paper, we prove a vanishing theorem for holo-
morphic forms. This result does not seem to follow from the previous work of
[5, 6, 10, 21] even in the compact case as we impose no assumption on the size of
the critical point set of f.
Theorem 0.5. Let (M, g) be a complete Ka¨hler manifold with a bounded, real
holomorphic vector field ∇f for some f ∈ C∞ (M) . Assume in addition that there
exists an isolated minimum point x0 ∈ M for f. Then, for any p ≥ 0, all L2
holomorphic (p, 0)-forms on M must be zero.
This theorem implies that a compact Ka¨hler manifold admitting such a func-
tion has first Betti number equal to zero. It would be interesting to infer some
information about higher Betti numbers, under the same assumptions.
1. The weighted Laplacian and forms
In this section, we prove Theorem 0.2. We begin by setting up the notations.
First, to be consistent with our notation in previous works, given ds2 := gkj¯dz
kdz¯j
a Ka¨hler metric on M, the Riemannian metric that we consider is 4Re
(
ds2
)
. So,
with respect to this Riemannian metric, we have
|∇u|2 = gkj¯ukuj¯ and ∆u = gkj¯ukj¯ .
Any ω ∈ Ap,q (M) will be written locally as
ω =
1
p!q!
ωIJ¯dz
I ∧ dz¯J ,
where |I| = p and |J | = q. On Ap,q (M) we use the metric to define a Hermitian
product by
〈ω, θ〉 := 1
2p+q
1
p!q!
gIK¯gLJ¯ωIJ¯θKL¯.
The differential d : Ωp (M)→ Ωp+1 (M) acting on p forms on M , given by
dω = dxk ∧ ∇ ∂
∂xk
ω,
is decomposed as d = ∂ + ∂¯, where ∂ : Ap,q (M)→ Ap+1,q (M) and ∂¯ : Ap,q (M)→
Ap,q+1 (M) are given by
∂ω = dzk ∧ ∇∂kω
∂¯ω = dz¯k ∧ ∇∂¯kω.
We start to denote ∂k :=
∂
∂zk
and ∂¯k :=
∂
∂z¯k
. These operators have adjoints d∗, ∂∗
and ∂¯∗, respectively. We also have that d∗ = ∂∗+ ∂¯∗. We recall their well known
formulas:
d∗ = −gαβ i
(
∂
∂xα
)
∇ ∂
∂xβ
∂∗ = −1
2
gkj¯ i (∂k)∇∂¯j
∂¯∗ = −1
2
gkj¯ i
(
∂¯j
)∇∂k
Here i (X)ω denotes the interior product of ω by X, and α, β ∈ {1, .., 2m} are
used to denote real coordinate indices. From now on, we use normal complex
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coordinates at the point under consideration. So gij¯ = δij¯ and ∇gij¯ = 0 at the
point. The Hodge Laplacian
∆ := dd∗ + d∗d
is positive and self adjoint. One can also define two other operators
∆∂ := ∂∂∗ + ∂∗∂ and ∆∂¯ := ∂¯∂¯∗ + ∂¯∗∂¯,
which map Ap,q (M) into itself. The fact that (M, g) is Ka¨hler implies
∆ = ∆∂ = ∆∂¯ .
In particular, ∆ preserves the space Ap,q (M).
Now let us assume we have a weight f ∈ C∞ (M) , which gives us a new volume
form dvf := e
−fdv. We then have the corresponding adjoint operators d∗f , ∂
∗
f and
∂¯∗f . For example, ∫
M
〈dω, θ〉 e−f =
∫
M
〈
ω, d∗fθ
〉
e−f .
The corresponding formulas for these operators are easy to find:
d∗f = d
∗ + i (∇f)(1.1)
∂∗f = ∂
∗ + i
(∇1,0f)
∂¯∗f = ∂¯
∗ + i
(∇0,1f) ,
where
∇1,0f := 1
2
gjk¯fk¯∂j and ∇0,1f :=
1
2
gjk¯fj∂k¯.
Again, it holds that
∇f = ∇1,0f +∇0,1f and d∗f = ∂∗f + ∂¯∗f .
From (1.1) it is easy to deduce the following formulas for the weighted Hodge
Laplacian ∆f := dd
∗
f + d
∗
fd, for ∆
∂
f := ∂∂
∗
f + ∂
∗
f∂ and for ∆
∂¯
f := ∂¯∂¯
∗
f + ∂¯
∗
f ∂¯.
∆f = ∆+ L∇f(1.2)
∆∂f = ∆
∂ + ∂i
(∇1,0f)+ i (∇1,0f) ∂
∆∂¯f = ∆
∂¯ + ∂¯i
(∇0,1f)+ i (∇0,1f) ∂¯.
We have denoted by L the Lie derivative. Using (1.2), we can state the necessary
and sufficient condition on f so that ∆f maps (p, q) forms to (p, q) forms, cf. [9].
Since this is clearly true for functions, from now on we let 0 < p+ q < 2m.
Proposition 1.1. The weighted Hodge Laplacian ∆f preserves the space of (p, q)
forms Ap,q (M) if and only if ∇f is real holomorphic. In this case,
∆f = ∆
∂
f +∆
∂¯
f −∆.
Proof. Note that
L∇f =
(
di
(∇1,0f)+ i (∇1,0f) d)+ (di (∇0,1f)+ i (∇0,1f) d)
=
(
∂i
(∇1,0f)+ i (∇1,0f) ∂)+ (∂¯i (∇0,1f)+ i (∇0,1f) ∂¯)
+
(
∂¯i
(∇1,0f)+ i (∇1,0f) ∂¯)+ (∂i (∇0,1f)+ i (∇0,1f)∂)
=
(
∆∂f −∆∂
)
+
(
∆∂¯f −∆∂¯
)
+ S
= ∆∂f +∆
∂¯
f − 2∆ + S,
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where
S =
(
∂¯i
(∇1,0f)+ i (∇1,0f) ∂¯)+ (∂i (∇0,1f)+ i (∇0,1f) ∂)
= S1 + S2.
According to (1.2), we find that
∆f = ∆
∂
f +∆
∂¯
f −∆+ S.
Hence, we can finish the proof by computing S (ω) for ω ∈ Ap,q (M) . We fist note
that in local coordinates
S1 (ω) = ∂¯i
(∇1,0f)ω + i (∇1,0f) ∂¯ω
=
1
2
fk¯j¯dz¯
j ∧ i (∂k)ω + 1
2
fk¯
(
∂¯i (∂k) + i (∂k) ∂¯
)
ω
=
1
2
fk¯j¯dz¯
j ∧ i (∂k)ω,
where we have used the fact that
(
∂¯i (∂k) + i (∂k) ∂¯
)
ω = 0.We compute in a similar
fashion and obtain
S2 (ω) = fkjdz
j ∧ i (∂k¯)ω.
Hence, S (ω) = 0 if and only if S1 (ω) = S2 (ω) = 0 for all ω ∈ Ap,q (M). This
happens if and only if fjk = fj¯k¯ = 0, which is the same as ∇f being real holomor-
phic. 
We now use this result to demonstrate Theorem 0.2. In fact, we will prove a
stronger statement. Let us denote Bx0 (R) the geodesic ball centered at point x0
of radius R > 0.
Theorem 1.2. Let (M, g) be complete Ka¨hler manifold and f ∈ C∞ (M) with ∇f
real holomorphic. Suppose that u is an f -harmonic function on M and that there
exists a constant C > 0 so that∫
Bx 0(R)
|∇u|2 e−f ≤ CR2,
for all R ≥ R0. Then u is pluriharmonic. If, in addition, f is proper, then u is
constant on M .
Proof. For an f -harmonic function u, it can be checked that the 1−form ω := du is
also f -harmonic, ∆fω = 0. However, by splitting ω = ∂u+ ∂¯u into (1, 0) and (0, 1)
components, we find that ∆f∂u = 0 as ∆f preserves the (1, 0) and (0, 1) forms by
Proposition 1.1.
So the (1, 0) form θ := ∂u verifies ∆fθ = 0 and has growth rate∫
Bx0 (R)
|θ|2 e−f ≤ CR2.
Let φ be the cut-off with support in Bx0 (2R) defined by
φ (x) =
{
1
1
R
(2R− d (x0, x))
on Bx0 (R)
on Bx0 (2R) \Bx0 (R)
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By ∆fθ = 0 we see that
0 =
∫
M
〈(
dd∗f + d
∗
fd
)
θ, φ2θ
〉
e−f(1.3)
=
∫
M
〈
d∗fθ, d
∗
f
(
φ2θ
)〉
e−f +
∫
M
〈
dθ, d
(
φ2θ
)〉
e−f
≥
∫
M
|dθ|2 φ2e−f +
∫
M
∣∣d∗fθ∣∣2 φ2e−f − 2 ∫
M
∣∣d∗fθ∣∣ |θ|φ |∇φ| e−f
−2
∫
M
|dθ| |θ|φ |∇φ| e−f ,
where in the last line we have used the Cauchy-Schwarz inequality and that
d
(
φ2θ
)
= φ2dθ + dφ2 ∧ θ
d∗f
(
φ2θ
)
= φ2d∗fθ − i
(∇φ2) θ.
It follows from (1.3) that
(1.4)
∫
M
|dθ|2 φ2e−f +
∫
M
∣∣d∗fθ∣∣2 φ2e−f ≤ 8 ∫
M
|θ|2 |∇φ|2 e−f .
Since by the assumption
∫
M
|θ|2 |∇φ|2 e−f ≤ 4C, (1.4) implies that
(1.5)
∫
M
|dθ|2 e−f +
∫
M
∣∣d∗fθ∣∣2 e−f <∞.
Using (1.3) again, we obtain∫
M
|dθ|2 φ2e−f +
∫
M
∣∣d∗fθ∣∣2 φ2e−f
≤ 2
R
∫
Bx0(2R)\Bx0(R)
∣∣d∗fθ∣∣ |θ| e−f + 2R
∫
Bx0 (2R)\Bx0 (R)
|dθ| |θ| e−f
≤ 2
R
(∫
Bx0(2R)\Bx0(R)
|θ|2 e−f
) 1
2
(∫
Bx0 (2R)\Bx0 (R)
∣∣d∗fθ∣∣2 e−f
) 1
2
+
2
R
(∫
Bx0 (2R)\Bx0 (R)
|θ|2 e−f
) 1
2
(∫
Bx0(2R)\Bx0(R)
|dθ|2 e−f
) 1
2
≤ 4
√
C
(∫
Bx0 (2R)\Bx0(R)
∣∣d∗fθ∣∣2 e−f
) 1
2
+ 4
√
C
(∫
Bx0 (2R)\Bx0 (R)
|dθ|2 e−f
) 1
2
.
Together with (1.5), this implies that dθ = d∗fθ = 0. Now that u is pluriharmonic
follows immediately from
∂∂u = d∂u = dθ = 0.
The second conclusion that u is constant follows as in [13]. Indeed, integrating by
parts, we have∫
{f≤t}
|∇u|2 e−f = −
∫
{f≤t}
u∆fue
−f +
∫
{f=t}
u
〈∇u,∇f〉
|∇f | e
−f
= 0.
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The first integral above is zero because ∆fu = 0, while the second term is zero
because u being pluriharmonic implies in particular that ∆u = 0, hence 〈∇u,∇f〉 =
0. 
In [12], a result similar to Theorem 1.2 was obtained for a harmonic function with
its Dirichlet energy grows no faster than o
(
R2i
)
on a sequence of geodesic balls of
radius Ri. Obviously, our result generalizes and strenghthenes this statement. The
improvement to O
(
R2
)
also enables us to conclude the following.
Proposition 1.3. Let (M, g, f) be a complete Ka¨hler shrinking Ricci soliton of
complex dimension m = 2. Then any bounded harmonic function on M must be
constant.
Proof. Let u be a bounded harmonic function. Then the (1, 0) form θ = ∂u is
harmonic. We claim that there exists C > 0 so that for all R ≥ R0,
(1.6)
∫
Bx0(R)
|θ|2 ≤ CR2.
Indeed, this follows from a reverse Poincare´ inequality and the fact that u is
bounded. For a cut-off φ as in Theorem 1.2 we have∫
M
|∇u|2 φ2 = −
∫
M
〈∇u,∇φ2〉u
≤ 1
2
∫
M
|∇u|2 φ2 + 2
∫
M
u2 |∇φ|2
≤ 1
2
∫
M
|∇u|2 φ2 + C
R2
Vol (Bx0 (2R))
≤ 1
2
∫
M
|∇u|2 φ2 + CR2,
where in the last line we have used the fact that the volume growth of a shrinking
Ricci soliton is at most Euclidean by [4].
This proves (1.6). Now Theorem 1.2 implies that u is pluriharmonic. The con-
clusion that u is constant follows from [13]. Indeed, we may lift u to a holomorphic
function on the universal covering M˜ of M , which we continue to denote by u.
So we have a bounded holomorphic function on a complete Ka¨hler shrinking Ricci
soliton of complex dimension m = 2. According to [13], the space of holomorphic
functions of any fixed polynomial growth order d > 0 is finite dimensional. This
implies that the space of bounded holomorphic functions is trivial. The proposition
is proved. 
2. Harmonic maps
In this section we prove Theorem 0.3. We let (M, g) be a Ka¨hler manifold of
complex dimension m, admitting a function f so that ∇f is real holomorphic.
Consider another Ka¨hler manifold (N, h) of complex dimension n. A map u :M →
N is called f−harmonic if u is a critical point of the weighted energy
Ef (u) =
1
2
∫
M
|du|2 e−f .
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with respect to any compactly supported variation of u. We note that in local
coordinates,
|du|2 = 2
(
|∂u|2 + ∣∣∂¯u∣∣2)
= 2
(
hab¯g
jk¯uaju
b
k + hab¯g
jk¯ua
k¯
ub
j¯
)
.
The Euler-Lagrange equation implies
τf (u) := τ (u)− i (∇f) du = 0,
where τ (u) = div (∇u) is the usual tension field of u. In local coordinates, this
means that
∆fu
a + gjkΓabcu
b
ju
c
k
= 0,
where
∆fu
a = gjk¯
∂2ua
∂zj∂z¯k
− 1
2
gjk¯
(
uaj fk¯ + u
a
k¯
fj
)
.
Here the indices a, b = 1, 2, .., n are used to indicate the local coordinates on N and
Γabc are the Christoffel symbols on N . We now prove the following.
Theorem 2.1. Let (M, g) be a complete Ka¨hler manifold and suppose there exists
f ∈ C∞ (M) so that ∇f is real holomorphic. Assume in addition that f achieves
its minimum at an isolated critical point x0 ∈ M. Then any f−harmonic map
u : M → N of finite total weighted energy into a Ka¨hler manifold with strongly
seminegative curvature must be constant.
We divide the proof of this theorem in two parts, each of independent interest.
In the first lemma, we follow the ideas of Siu [18], with the necessary modifica-
tions in the weighted case inspired by our work in [14], to show that u must be
pluriharmonic. This, in particular, implies that i (∇f) du = 0.
Lemma 2.2. Let (M, g) be a complete Ka¨hler manifold and suppose there exists
f ∈ C∞ (M) so that ∇f is real holomorphic. Then any f−harmonic map u :M →
N of finite total weighted energy into a Ka¨hler manifold N of strongly seminegative
curvature must be pluriharmonic. In particular, it is harmonic and i (∇f) du = 0.
Proof. By the hypothesis, u :M → N satisfies
τf (u) = 0∫
M
|du|2 e−f <∞.
Consider a cut-off function φ with support in Bx0 (2R) , φ = 1 on Bx0 (R) and
|∇φ| ≤ 1
R
on M. In the argument that follows, we write du = ∂u + ∂¯u, where ∂u
and ∂¯u are given by
∂u =
∂ua
∂zj
dzj ⊗ ∂
∂wa
and ∂¯u =
∂ua
∂z¯j
dz¯j ⊗ ∂
∂wa
with {wa}a=1,..,n being the local complex coordinates on N. We further denote
D∂¯u = ua
jk¯
dzj ⊗ dz¯k ⊗ ∂
∂wa
,
where
ua
jk¯
:=
∂ua
k¯
∂zj
+ Γabcu
b
ju
c
k
.
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Integration by parts implies∫
M
∣∣D∂¯u∣∣2 φ2e−f = ∫
M
∣∣∣uajk¯∣∣∣2 φ2e−f = ∫
M
ua
jk¯
ua
jk¯
φ2e−f(2.1)
= −
∫
M
ua
jk¯j¯
ua
k¯
φ2e−f +
∫
M
ua
jk¯
ua
k¯
fj¯φ
2e−f −
∫
M
ua
jk¯
ua
k¯
(
φ2
)
j¯
e−f .
Let us note that
ua
jk¯j¯
=
∂ua
jk¯
∂z¯j
− Γh¯
j¯k¯
ua
jh¯
+ Γabcu
b
jk¯
ucj¯ .
We now investigate each term in (2.1). First, a well known computation in [18]
yields
(2.2) ua
jk¯j¯
= ua
jj¯k¯
+Ka
bcd¯
ubju
c
k¯
udj −Kabcd¯ubjucj¯udk,
where
Ka
bcd¯
=
∂Γabc
∂w¯d
is the curvature tensor on N . The hypothesis that the curvature of N is strongly
seminegative implies that
Kba¯cd¯
(
ubju
c
k¯
udju
a
k¯
− ubjucj¯udkuak¯
)
=
1
2
Kba¯cd¯
(
ubju
a
k¯
− ubkuaj¯
)(
udju
c
k¯
− udkucj¯
)
≥ 0.
Therefore, from this computation and (2.1) we conclude the following∫
M
∣∣D∂¯u∣∣2 φ2e−f ≤ − ∫
M
τa (u)k¯ u
a
k¯
φ2e−f +
∫
M
ua
jk¯
ua
k¯
fj¯φ
2e−f(2.3)
−
∫
M
ua
jk¯
ua
k¯
(
φ2
)
j¯
e−f .
In a similar fashion, we get∫
M
∣∣D∂¯u∣∣2 φ2e−f ≤ − ∫
M
τa (u)k u
a
kφ
2e−f +
∫
M
ua
jk¯
uaj fkφ
2e−f(2.4)
−
∫
M
ua
jk¯
uaj
(
φ2
)
k
e−f .
Adding (2.3) and (2.4) and integrating by parts, we obtain that∫
M
∣∣D∂¯u∣∣2 φ2e−f ≤ ∫
M
τa (u) τaf (u)φ
2e−f(2.5)
+
1
2
∫
M
τa (u)
(
ua
k¯
(
φ2
)
k¯
+ uak
(
φ2
)
k
)
e−f +
1
2
∫
M
ua
jk¯
(
ua
k¯
fj¯ + u
a
jfk
)
φ2e−f
−1
2
∫
M
ua
jk¯
(
ua
k¯
(
φ2
)
j¯
+ uaj
(
φ2
)
k
)
e−f .
Note the first term in the right side of (2.5) is zero as u is f−harmonic. Furthermore,
integration by parts implies∫
M
ua
jk¯
ua
k¯
fj¯φ
2e−f = −
∫
M
uaju
a
kk¯
fj¯φ
2e−f +
∫
M
uaju
a
k¯
fj¯fk¯φ
2e−f
−
∫
M
uaju
a
k¯
fj¯
(
φ2
)
k¯
e−f ,
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where we have used the fact that fjk = fj¯k¯ = 0.
One obtains a similar formula for
∫
M
ua
jk¯
uajfkφ
2e−f . Putting together, we see
that the third term in the right side of (2.5) becomes
1
2
∫
M
ua
jk¯
(
ua
k¯
fj¯ + u
a
j fk
)
φ2e−f = −1
2
∫
M
(
uajfj¯ + u
a
k¯
fk
)
τa (u)φ2e−f(2.6)
+
∫
M
Re
(
uaju
a
k¯
fj¯fk¯
)
φ2e−f − 1
2
∫
M
uaju
a
k¯
fj¯
(
φ2
)
k¯
e−f − 1
2
∫
M
ua
k¯
uaj fk
(
φ2
)
j
e−f .
Plugging into (2.5), we conclude
∫
M
∣∣D∂¯u∣∣2 φ2e−f ≤ −1
4
∫
M
∣∣uajfj¯ + uak¯fk∣∣2 φ2e−f + ∫
M
Re
(
uaju
a
k¯
fj¯fk¯
)
φ2 e−f
(2.7)
+
∫
M
τa (u) i (∇φ2) duae−f − 1
2
∫
M
uaju
a
k¯
fj¯
(
φ2
)
k¯
e−f − 1
2
∫
M
ua
k¯
uaj fk
(
φ2
)
j
e−f
−1
2
∫
M
ua
jk¯
(
ua
k¯
(
φ2
)
j¯
+ uaj
(
φ2
)
k
)
e−f .
Note that
1
4
∣∣uaj fj¯ + uak¯fk∣∣2 − Re (uajuak¯fj¯fk¯) = 14 ∣∣uaj fj¯ − uak¯fk∣∣2 ≥ 0.
Also, the last term in (2.7) can be estimated as∫
M
∣∣∣uajk¯uak¯ (φ2)j¯∣∣∣ e−f ≤ 2 ∫
M
∣∣D∂¯u∣∣ |du|φ |∇φ| e−f .
Hence, by the Cauchy-Schwarz inequality, (2.7) becomes
1
2
∫
M
∣∣D∂¯u∣∣2 φ2e−f ≤ −1
4
∫
M
∣∣uaj fj¯ − uak¯fk∣∣2 φ2e−f + 2 ∫
M
|du|2 |∇φ|2 e−f(2.8)
+
∫
M
τa (u) i (∇φ2) duae−f − 1
2
∫
M
uaju
a
k¯
fj¯
(
φ2
)
k¯
e−f − 1
2
∫
M
ua
k¯
uajfk
(
φ2
)
j
e−f .
We now deal with the other terms as follows. We have that∫
M
τa (u) i (∇φ2) duae−f − 1
2
∫
M
uaju
a
k¯
fj¯
(
φ2
)
k¯
e−f(2.9)
−1
2
∫
M
ua
k¯
uaj fk
(
φ2
)
j
e−f =
1
4
∫
M
(
uaj fj¯ − uak¯fk
)(
uahφ
2
h¯
− ua
l¯
φ2l
)
e−f
≤ 1
4
∫
M
∣∣uaj fj¯ − uak¯fk∣∣2 φ2e−f + ∫
M
|du|2 |∇φ|2 e−f .
Putting (2.9) into (2.8), we get
(2.10)
1
2
∫
M
∣∣D∂¯u∣∣2 φ2e−f ≤ 4 ∫
M
|du|2 |∇φ|2 e−f .
Since
∫
M
|du|2 e−f <∞, it is easy to see that as R→∞,∫
M
|du|2 |∇φ|2 e−f → 0.
Therefore, by letting R→∞ in (2.10), we conclude that D∂¯u = 0 or u is plurihar-
monic. In particular, this implies that u is a harmonic map. Hence, τ(u) = 0 and
i (∇f) du = 0. This proves the lemma. 
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We point out that Lemma 2.2 also holds under energy growth assumption on u
that ∫
Bx0 (R)
|du|2 e−f ≤ CR2, for all R ≥ R0.
The argument for this improvement is similar to that of Theorem 1.2.
We next present a local result that holds for harmonic maps between any two
Riemannian manifolds. We show that u must be constant if u is harmonic and
i (∇f) du = 0.
Lemma 2.3. Let (M, g) be a complete Riemannian manifold and u : Ω→ N a har-
monic map from a domain Ω ⊂M into a Riemannian manifold N. If i (∇f)du = 0
on Ω for a smooth function f and f has unique minimum point x0 ∈ Ω, then u must
be constant.
Proof. Since this lemma is stated in a Riemannian setting, we will denote here
du = uakdx
k ⊗ ∂
∂ya
,
where
{
xk
}
k=1,..,2m
and {ya}a=1,..,2n are real coordinates on M and N . The fact
that u is harmonic and i (∇f) du = 0 means that
∆ua + gkjΓabcu
b
ku
c
j = 0(2.11)
gkjuakfj = 0.
Let δ > 0 be sufficiently small so that u (Bx0 (δ)) ⊂ By0 (ρ) , where y0 = u (x0) ,
and the exponential map expy0 : B0(ρ) ⊂ Ty0N → By0 (ρ) is a diffeomorphism.
Under the induced normal coordinates, we have that for y ∈ By0(η),
(2.12) |hab(y)− δab| ≤ C η and
∣∣∣∣∂hab∂yc
∣∣∣∣ (y) ≤ C η
for all η ≤ ρ, where C is a constant independent of η.
We normalize f so that f (x0) = 0. Since x0 is an isolated critical point, there
exists ε > 0 small enough so that the level set {f = ε} has a connected component
completely contained in Bx0 (δ) . Denote by
D (ε) := {f ≤ ε} ∩Bx0 (δ)
and note that ∂D (ε) has unit normal vector ν := ∇f|∇f | . Clearly, u (D(ε)) ⊂ By0(η)
with η → 0 as ε→ 0.
Integrating by parts,∫
D(ε)
gkj hab u
a
k u
b
j = −
∫
D(ε)
hab (∆u
a)ub −
∫
D(ε)
〈dhab, dua〉 ub(2.13)
+
∫
∂D(ε)
1
|∇f |g
kj hab u
a
ku
bfj
≤ C η
∫
D(ε)
|du|2 ,
where we have used (2.11) so that the boundary term is zero, and that
|∆ua| = |gkj Γabcubkucj| ≤ C η |du|2,
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as well as ∣∣〈dhab, dua〉ub∣∣ = ∣∣∣∣gkj ∂hab∂xk uajub
∣∣∣∣ = ∣∣∣∣gkj ∂hab∂yc uajuckub
∣∣∣∣
≤ Cη |du|2 .
By choosing ε > 0 to be sufficiently small, this implies that |du| = 0 on D (ε).
Therefore, u is constant on D (ε) . By the unique continuation property, u must be
constant on Ω. 
We can now prove Theorem 2.1. Using Lemma 2.2, we see that u : M → N
must be harmonic and i (∇f) du = 0 on M . Now Lemma 2.3 says that u must be
constant on M. This proves Theorem 2.1.
It turns out under the hypothesis in Theorem 2.1, we also have Liouville property
for harmonic maps, not just for weighted ones. The idea is to show that i (∇f) du =
0 again and then appeal to Lemma 2.3.
Theorem 2.4. Let (M, g) be a compact Ka¨hler manifold and suppose there exists
f ∈ C∞ (M) so that ∇f is real holomorphic. Assume in addition that f achieves
its minimum at an isolated critical point. Then any harmonic map u : M → N
into a Ka¨hler manifold of strongly seminegative curvature must be constant.
Proof. Since u : M → N is harmonic and N has strongly seminegative curvature,
Siu’s theorem in [18] implies that u is pluriharmonic, or
(2.14) ua
jk¯
= 0.
We now define the flow induced by the vector field J(∇f).
dφt
dt
= J (∇f) (φt)
φ0 = Id.
Since ∇f is real holomorphic, J (∇f) is a Killing vector field. So φt is a one
parameter group of isometries of M . In particular,
ut := u ◦ φt
is a continuous family of harmonic maps from M to N . Since N has strongly
seminegative curvature, it has nonpositive sectional curvature as well. We now use
the uniqueness theorem for harmonic maps in [17] to show that ut = u for all t ≥ 0.
Indeed, lifting ut to the universal coverings M˜ and N˜ , we get a family of harmonic
maps u˜t : M˜ → N˜ . Using the fact that ut is homotopic to u and N has nonpositive
curvature, a standard computation shows that r˜2 (u˜0, u˜t) descends to M and is
subharmonic, where r˜ is the distance function on N˜ . Therefore, for each fixed t,
r˜2 (u˜0, u˜t) is a constant function on M asM is compact. However, at the minimum
point x0 of f, φt(x0) = x0. This means that ut (x0) = u0 (x0) for all t ≥ 0. In turn,
it shows that r˜2 (u˜0 (x˜0) , u˜t (x˜0)) = 0. Hence, r˜
2 (u˜0, u˜t) = 0 and u0 = ut for all
t ≥ 0.
We now differentiate the equation u0 = ut in t and get that
0 =
d
dt
ut
= i (J (∇f)) du.
14 OVIDIU MUNTEANU AND JIAPING WANG
This means, in complex coordinates, that
(2.15) uakfk¯ = u
a
k¯
fk.
Using (2.14), we see that
(uakfk¯)j¯ = u
a
kj¯fk¯ + u
a
kfk¯j¯ = 0(2.16) (
ua
k¯
fk
)
j
= ua
jk¯
fk + u
a
k¯
fkj = 0,
where we have also made use of fkj = fk¯j¯ = 0 as ∇f is real holomorphic. By (2.15)
and (2.16), we conclude that
(uakfk¯)j¯ = (u
a
kfk¯)j = 0.
This forces the function uakfk¯ to be constant on M . Since f has a critical point on
M, uakfk¯ = u
a
k¯
fk = 0 on M . This proves that i (∇f)du = 0. By Lemma 2.3, u must
be constant. 
As mentioned earlier, the existence of a function f with ∇f being real holomor-
phic on M has strong implications on the topology of M . An early result in this
direction was proved by Frankel [6], which states that all odd Betti numbers of a
compact Ka¨hler manifold must be zero if it has a Killing vector field whose zero
set is non-empty and discrete. Howard [10] proved a result of similar nature. In
particular, it says that a projective manifold M admitting a holomorphic vector
field with nonempty and discrete zero set has only trivial holomorphic (p, 0)-forms.
We establish below a vanishing result for holomorphic forms under an assumption
that is more in the spirit of the preceding Liouville type results.
Theorem 2.5. Let (M, g) be a complete Ka¨hler manifold. Suppose there exists
f ∈ C∞ (M) such that ∇f is real holomorphic and bounded on M . Assume in
addition that f has an isolated minimum point in M. Then any L2 holomorphic
(p, 0)−form on M must be zero for all p ≥ 0.
Proof. We proceed by induction on p. For p = 0, this is certainly true as any L2
holomorphic function must be constant. Let us assume that the result holds for
(p− 1) . We now prove it for p−forms. Consider
ω =
1
p!
ωi1....ipdz
i1 ∧ ... ∧ dzip ,
an L2 holomorphic p−form. Now the (p− 1) form
θ = ω (·, ..., ·,∇f)
=
1
(p− 1)!
(
ωi1....ipfip
)
dzi1 ∧ ... ∧ dzip−1
is holomorphic as ∇f is real holomorphic and ω is holomorphic. It is also in L2 as
∇f is bounded on M. By the induction hypothesis, θ = 0. Hence,
(2.17) ωi1....ipfip = 0.
The rest of the argument is local and around an isolated minimum point x0 of f.
Note that since ω is holomorphic and in L2, it is also harmonic, closed and co-
closed. Thus, in a fixed complex local coordinate chart U at x0, we know that ω is
exact, i.e., ω = ∂η for a (p− 1, 0) form η defined on U .
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We normalize f so that f (x0) = 0. Since x0 is an isolated critical point, there
exists ε > 0 small enough so that the level set {f = ε} has a connected component
completely contained in U. Let
D (ε) := {f ≤ ε} ∩ U
and note that ∂D (ε) has normal vector ν := ∇f|∇f | . On D (ε) we have that ω = ∂η.
Therefore, ∫
D(ε)
|ω|2 =
∫
D(ε)
〈ω, ∂η〉
= −
∫
D(ε)
〈∂∗ω, η〉+
∫
∂D(ε)
〈ω, df ∧ η〉 1|∇f |
= 0
as ω is co-closed and ω (·, ..., ·,∇f) = 0. This proves that ω = 0 on D (ε) . Thus,
ω = 0 on M by the unique continuation property. This proves the theorem. 
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